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Recent experimental results find strong indications that the universe is flat, while other exper-
imental results from supernovae Ia observations have been interpreted to show that, not only that
there is an accelerating expansion of the universe, but also that the universe is strongly curved.
By means of a recently proposed metric, I am able to show that the experimental results which
had previously been analyzed to give a strong curvature are quite consistent with a flat universe,
thus resolving the apparent mismatch. The conclusion of these latter authors which indicated an
accelerating expansion of the universe is unchanged.
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Recently de Bernardis et al. [1] reported that very care-
ful examination of the cosmic microwave background pro-
vides, as further explained by Hu [2], very strong evidence
that the universe is flat!
On the other hand, data has recently been reported
by Riess et al. [3], and Perlmutter et al. [4] on measure-
ments of the luminosity and the redshift of a number of
high-redshift supernovae of type Ia. The authors’ best
fit to their data involves a strongly curved spacetime.
The curvature constant Ωk (defined below) that they find
is about -1.05, which corresponds to a strongly curved,
open universe. These authors have analyzed their data
under the assumption of the Friedman-Lemaˆıtre line el-
ement at large distances and the resulting cosmological
relation between the rate of expansion, the mean mass
density, the radius of curvature of space, and the cos-
mological constant. This relation follows from Einstein’s
field equations. [5] The authors have concluded, in terms
of this model of the universe, that instead of the rate
of expansion decreasing, as many workers had thought,
their data is best fit by a model in which the rate of
expansion is increasing. Riess et al. [3] find that the de-
celeration/acceleration parameter q0 < 0 (acceleration)
with better than 90% confidence, and Perlmutter et al.
[4] find the same at the 2.86 standard deviation level of
confidence. Similar error limits apply to Ωk.
I have recently found [6] that the commonly used
“Swiss cheese model,” in which a static, exterior,
Schwarzschild solution is inserted in an expanding
Freidman-Lemaˆıtre metric, possesses the unphysical
property that some of the trajectories are discontinuous
functions of their initial conditions. This feature is, I
think, unacceptable. I have proposed an alternate met-
ric which avoids this problem. In this letter, I apply
this alternate metric to the analysis of the above cited
supernovae data. I find that, the principal conclusion,
that an accelerating universe best fits the data remains
unchanged. However the mean density and cosmological
constant parameters describing the best fit change signif-
icantly, and are now quite consistent with a flat universe.
The alternate line element is, [6]
ds2 = −eµ(drˆ2 + rˆ2dθ2 + rˆ2 sin2 θdφ2) + eνdt2, (1)
where
eµ =
a(t)2[
1 +
(
a(t)rˆ
2a(t)R
)2]2
(
1 +
m
2a(t)rˆ
)4
, (2)
eν = c2

1−
m
2a(t)rˆ
1 +
m
2a(t)rˆ


2
, m ≡
GM
c2
[
1 +
(
rˆ
2R
)2]1/2
where G is Newton’s constant of gravitation, and M is
the mass concentrated at the origin. This metric has dy-
namics which are undetectably different from those of the
Schwarzschild metric in the solar system, and the metric
is asymptotically equal to the Freidmann-Lemaˆıtre met-
ric at great distances. This metric was developed in the
context of gravitationally bound systems, and, as is the
case for the Schwarzschild metric, it was only considered
valid for m/2r ≪ 1. This being said, it makes physical
sense, I think, for the effects of the long range gravi-
tational force not to be cut-off at some finite distance
well short of the event horizon, as is the case when the
Friedmann-Lemaˆıtre metric is used to analysis high red-
shift objects. This view provides a physical justification
to use my alternate metric in this analysis.
In order to apply this result to the present case, we
make the further assumption that, on the scale of the dis-
tance to the high redshift supernovae under discussion,
the universe is homogeneous and isotropic. Birkoff’s the-
orem [7] says in a homogeneous, zero pressure cosmology
that outside a sphere, within which the mass is spher-
ically symmetrically distributed, one finds that on the
surface of the sphere (and outside as well), the effects
are the same as though the total mass was concentrated
at the origin. This theorem suggests that when consid-
ering a particular supernova, we can take M to be the
total mass inside the sphere centered on that supernova
and which has the observer (us) on its surface.
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We may take as a helpful guide to the proper modus
operandi, Carroll, Press, and Turner. [8] The relation be-
tween the rate of expansion of the universe, given by the
universal multiplier a(t) defined by ~r(t) = a(t)~r(t0)/a(t0)
is [6]
8πGρ
c2
= 8πT 44 =
3
a(t)2R20
(
1 +
m
2a(t)rˆ
)5 + 3a˙2c2a2 − Λ,
(3)
where c is the velocity of light, ρ is the mean density,
T is the stress-energy tensor, and an overdot means dif-
ferentiation with respect to t. We define the standard
parameters,
ΩM =
8πGρ0
3H2
0
, ΩΛ =
Λc2
3H2
0
, Ωk = −
c2
R2
0
H2
0
, (4)
where H0 = a˙(t0)/a(t0) is the Hubble constant at the
present time, Λ is the cosmological constant, and R0 is
the radius of curvature at the present time. Note that as
usual, R20 is negative in an open universe. In these terms,
Eq. 3 becomes
(
a˙
aH0
)2
= ΩM
(
ρ
ρ0
)
+
R20Ωk
R2
(
1 +
m
2arˆ
)5 +ΩΛ (5)
Since at the present time, the look-back time is, of course,
zero, as explained above the radius of the sphere enclos-
ing total mass M will be zero. Thus, as the mass inside
the sphere vanishes like the cube of the radius, the term
m/2arˆ ∝ rˆ2 → 0. Hence, from Eq. 5, at the present time,
we have
1 = ΩM +Ωk +ΩΛ. (6)
Using this result, we may eliminate Ωk and rewrite Eq.
5 as,
[
a˙(t)
H0
]2
=
(
1 +
m
2a(t)rˆ
)
−5
+ΩM
[
1
a
−
(
1 +
m
2a(t)rˆ
)
−5
]
(7)
+ΩΛ
[
a2 −
(
1 +
m
2a(t)rˆ
)
−5
]
The next quantity that we need is the distance as
a function of the observed luminosity and the redshift
for our line element. As is well known [5] a(t)/a(t0) =
1/(1 + z). Thus from Eqns. 1, 2, and 7, we may deduce
z˙ = H0(1 + z)
{
(1 + z)2
(
1 +
m
2arˆ
)
−5
+ΩM
[
(1 + z)3 − (1 + z)2
(
1 +
m
2arˆ
)
−5
]
(8)
+ΩΛ
[
1− (1 + z)2
(
1 +
m
2arˆ
)
−5
]}0.5
.
The proper distance is just c times the proper lookback
time which gives
e0.5µdrˆ = e0.5ν
dz
z˙
dr√
1−
( r
R
)2 = c

 1−
m
2arˆ(
1 +
m
2arˆ
)3

 (1 + z) dz
z˙
, (9)
where we have used the standard change of variables,
r =
rˆ
1 +
(
rˆ
2R
)2 . (10)
If we now integrate Eq. 9, we get, following Carroll et al.,
the lookback time and the luminosity distance,
t0 − t1 =
∫ z1
0

1−
m
2arˆ
1 +
m
2arˆ

 dz
z˙
DL = cH
−1
0
(1 + z)|Ωk|
−0.5 (11)
× sinn

|Ωk|0.5
∫ z
0

 1−
m
2arˆ(
1 +
m
2arˆ
)3

 (1 + z) dz
z˙


where z˙ is given by Eq. 8 and “sinn” is defined as sinh
when Ωk > 0 (open universe) and as sin when Ωk < 0
(closed universe). These equations coincide with the re-
sults of Carroll et al. [8], when m = 0, as expected.
To complete the computation, it remains to supply
m/2arˆ as a function of the redshift. For notational con-
venience we introduce the following dimensionless vari-
ables,
R = H0rˆ/c, M =
H30M(rˆ)
c3ρ0
,
v(z) ≡
m
2arˆ
≡
GM(rˆ)
2c2arˆ
=
3(1 + z)ΩMM
16πR
(
1− 0.25ΩkR
2
)0.5
(12)
q(z) =
{
(1 + z)2 +ΩM
[
(1 + z)3(1 + v)5 − (1 + z)2
]
+ΩΛ
[
(1 + v)5 − (1 + z)2
]}0.5
If l is the proper distance, then by Hubble’s law, z =
H0l/c. By use of Eqs. 1, 2, 4, 7, and Hubble’s law,
we may deduce the following two non-linear differential
equations,
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dR
dz
=
−(1 + z)
(
1− 0.25ΩkR
2
)
(1 + v)0.5
q(z)
dM
dz
=
−4π(1 + z)(1 + v)6.5R2
(1− 0.25ΩkR2)
2
q(z)
. (13)
The initial conditions are R = M = 0, z = z1 and we
integrate the equations from z = z1 to z = 0.
FIG. 1 The metric correction term v(z) = m(rˆ)/2arˆ
for the five models A – E. The intersection of these curves
with the dotted line corresponds to the special point zc in
each of these models. The end of each curve corresponds
to the last integration point before v blows up.
I have solved these equations by the Runge-Kutta
method. To do so I have rewritten the appropriate rou-
tine in Press et al. [9] in double precision. Some sam-
ple cases, Models A -E [8], are shown in Fig. 1. In
this figure I plot the potential, v(0, z1), through which
light must climb to reach an observer who sees a red-
shift of z1. The five models are as follows Model A,
ΩM = 1, ΩΛ = 0; Model B, ΩM = 0.1, ΩΛ = 0; Model
C, ΩM = 0.1, ΩΛ = 0.9; Model D, ΩM = 0.01, ΩΛ = 0;
Model E, ΩM = 0.01, ΩΛ = 0.99. These are all either
flat or open models. One will note that the principal ef-
fect at small z1 is the mass density. It is to be further
noted that the point v(zc) = 1 is special. At this point,
dDL/dz and dt/dz would change sign, as can be seen in
Eq. 11. In Fig. 2 we display the lookback time as a func-
tion of z for these same models. The point zc is marked
by a large dot. It is to be noticed that the lookback
time begins to decrease with z before this special point
is reached as a foreshadowing of the special point. In ad-
dition, R(0, z1) also begins to decrease before the special
point is reached, butM(0, z1) and v(0, z1) both increase
right through this point and blow up shortly there af-
ter, as indicated by the end of the lines in Figs. 1 and
2. These results are numerical as the proper analysis of
Eq. 13 is beyond the scope of this letter.
FIG. 2 The lookback time for the five models A – E.
The large dot on each of these curves correspond to the
intersection points in Fig. 1.
It is not my purpose to obtain a full statistical analysis
of the redshift – luminosity data of [3] and [4]. Rather I
have worked with the best fit of [4], ΩM = 0.73, ΩΛ =
1.32. Specifically I find that I can fit this best fit for the
luminosity distance as a function of redshift to within
±0.02 magnitudes over the range of the data used. This
is, I think, at least as close as that curve accurately rep-
resents the data.
My best fit is ΩM = 0.22 ± 0.03, ΩΛ = 0.91 ± 0.15
for the accuracy quoted above. My best fit for flat space
is ΩM = 0.19, ΩΛ = 0.81. The magnitude of v(0, z1) is
roughly proportional to z2, and its largest value in both
cases is less than 0.07≪ 1. When the statistical and sys-
tematic errors are taken into account the uncertainties
are probably about 3 to 4 times larger than those quoted
above. My result for flat space is almost the same as
Model C of Carroll et al. [8]. That is to say that it is flat,
has a plausible amount of matter and involves the use of
the cosmological constant. Note is also taken that for the
special case of flat space, Eq. 7 reduces to Eq. 9 of refer-
ence [8]; however, our Eq. 9 still reflects a change in the
metric. Our results predict that the acceleration param-
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eter q0 ≈ −0.79, which is strongly negative and therefore
agrees with the main conclusion of references [3] and [4]
that the expansion of the universe is accelerating. We
have shown however that the disagreement between their
best-fit, curvature results and those of references [1] and
[2] can be resolved by employing my alternate metric.
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